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My Favorite

My favorite lesson evolved from 
a session at the 1995 NCTM 
Annual Meeting in Boston. We 

were a group of eight junior and senior 
high school teachers from Nova Scotia, 
most of us attending our first NCTM 
Annual Meeting. We planned our days to 
maximize exposure to sessions and would 
share our experiences every evening. 

A member of our group attended a 
workshop on Patty Paper® Geometry 
by Michael Serra and purchased the 
book by Key Curriculum Press. We took 
these investigations to our grade ten 
classrooms with great success and even 
initiated some professional development 
within our district. 

We were delighted with how thor-
oughly engaged students were in the 
Patty Paper tasks and with the rich 
opportunities for clarifying language and 
notation. Although I still use this investi-
gative approach in teaching geometry, my 
favorite lesson involves using Patty Paper 
to teach the unit circle. Although we 
teachers see the wonderful symmetries in 
the unit circle, students do not necessar-
ily find these connections obvious.

THE DAY BEFORE
Students are given an activity sheet that 
asks them to determine the exact values 
of the sine, cosine, and tangent of angles 
whose measures are 30°, 45°, and 60°. 
We then engage in full-class discussion 
to ascertain that the coordinates of any 
point on the unit circle are (cos(a), 
sin(a)) where a is the angle in standard 
position. Students will use these notes 
throughout the investigation. To become 
familiar with Patty Paper, they draw an 
angle ABC, either acute or obtuse, and 
bisect it while we engage in discussion 
about folding carefully and accurately.

THE INVESTIGATION
Students work in groups of two or three. 
The investigation takes approximately 
sixty minutes.

Getting Started 
Students are given a sheet of Patty Paper 
on which a large circle is drawn; they 
fold an x- and a y-axis so that the origin 
is in the center of the circle. We iden-
tify this as a unit circle, and students 
determine the x- and y-intercepts. We 
interpret these coordinates in terms of 
0°, 90°, 180°, 270°, and 360° angles. 
This process gives us a chance to talk 
about the language we are using and to 
reinforce the implications of r = 1.

 
Angles Related to 45° 
Students have no difficulty construct-
ing a 45° angle in the first quadrant by 
bisecting 90°. Our discussion reinforces 
important terminology, and we use the 
activity sheet from the previous day 
to record the coordinates and consider 
their meaning. Students use folding and 
their 45° angle to create a 135° angle 
and label the coordinates. Meanwhile, I 
record results on the board and engage 
students in discussion about their 
method of folding, how they know the 
measure of the angle, and how they can 
be sure of the coordinates. Students 
complete the coordinates for the points 
where the terminal sides of angles of 
225° and 315° intersect the circle. 

Angels Related to 60° 
Using a fresh Patty Paper with a circle 
drawn, students construct a 60° angle in 
the first quadrant, label the coordinates, 
and use folding to complete angles of 
120°, 240°, and 300°. Folding a 60° 
angle presents a challenge, and students 

may need some hints; this challenge 
gives us a chance to review the symme-
tries that exist in an equilateral triangle.

Angles Related to 30° 
Bisecting the 60° angle gives a 30° angle, 
from which students can determine the 
coordinates for the points where the ter-
minal sides of angles of 150°, 210°, and 
330° intersect the circle.

 
Finishing Up 
Students transfer their coordinates to a 
master copy for homework. Neverthe-
less, they tend to keep the Patty Paper 
versions and are quite proud of them.

A FINAL WORD
I love this lesson because my students 
enjoy it, they are thoroughly engaged 
regardless of their previous experi-
ence, and they recognize patterns for 
themselves. Further, this lesson plants 
the seeds for subsequent work with 
related angles and solving trigonometric 
equations. 
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Refocus your teaching of high school mathematics with NCTM’s 
newest series, Focus in High School Mathematics. These 
informative new books address the direction high school 
mathematics is heading in the 21st century and builds on the ideas 
of NCTM’s Principles and Standards for School 
Mathematics.

The The flagship publication, Focus in High School Mathematics: 
Reasoning and Sense Making, focuses on how high school 
mathematics can better prepare students for future success.

This valuable resource will:

• Explain how to introduce reasoning and sense making into 
 the classroom

• Provide a framework for how reasoning and sense making 
  can develop in core content areas

• Help teachers find a balance between promoting mathematical 
 reasoning and procedural proficiency.

Three supporting volumes—algebra, geometry, and statistics 
and probability—will extend the core book’s message and 
provide additional guidance for instruction organized around 
reasoning habits.

VVisit www.nctm.org/hsfocus 
to learn more about 
this exciting new series.

   a New Direction 
          for High School Math
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